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Abstract - We introduce a novel method for an- 
alyzing a well known class of adaptive algorithms. 
By  combining recent developments from the theory 
of Markov processes and long existing results from 
t h e  theory of Perturbations of Linear Operators we 
s tudy  first the behavior and convergence properties 
of a class of products of random matrices. This i n  
t u r n  allows for the analysis of t h e  first a n d  second or- 
der statistics of t h e  adaptive algorithms yielding esti- 
mates for t h e  exponential rate of convergence a n d  the 
covariance mat r ix  of the estimation error. 

I. INTRODUCTION 

Consider the following regression model 

yn = xAW~ + wn (1) 

where X ,  is the input signal, yn the desired output, wn the 
additive noise and W, an unknown time varying vector that 
we like to estimate. Both X,, W, are vectors of length N .  A 
very rich class of algorithms for estimating W,, can be defined 
through the recursion 

Wn+1= Wn + p(yn - x ; W n ) ~ n  (2) 

where I@,, is the estimate of W, at time n, 2, a vector of 
length N known as regression vector and p a positive scalar 
known as step size. We are interested in examining the behav- 
ior of the estimation error A ,  = W, - W, for the practically 
important case p < 1. 

11. MAIN RESULTS 

Let us first consider a different problem that will provide us 
with the necessary mathematical tools. Let {&} denote a sta- 
tionary Markov process evolving on some general state space, 
we are then interested in studying the behavior of the follow- 
ing product of random matrices 

with Tl(<), 1 = 1 , .  . . , r, matrix functions of < of dimensions 
K x K ,  IK the identity matrix of the same dimensions and 
p > 0 a scalar variable that is to be assumed "small" (i.e. 
p << 1) and corresponding to the step size p of (2). 

If w.} denotes expectation under the steady state measure 
and I!& {.} conditional expectation given that the initial state 
Eo = e ,  then for a vector valued function G(E) we can write 
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where 7 ( p )  is a linear operator defined as 

We thus conclude that to study the behavior of the expec- 
tation of U,(p) it suffices to study the behavior of the n-th 
power of the operator T(p ) .  

Since p << 1 we can regard T ( p )  as a perturbed version 
of the operator T(0) = ~ { I K . } .  With this observation in 
mind, and combining results from [l] and [2], we can show the 
following theorems. 

Theorem I :  Under suitable assumptions we have 

lim q m  = 1 + LL max{Re(Xi)} + o ( p )  (6) 
n t m  

where X i  are the ezgenvalues of the matrix T = IE(T1 (<I)}. 
Theorem 2: Let the matrix T have eigenvalues with strictly 

negative real parts, define the matrix F(p) = IK + pT then, 
there exist constants 01 > 0 and 0 5 p < 1 such that 

T(p)" = F(p)"P + (1 - ~ c Y ) ~ o ( ~ )  + pnO(l)  (7)  
PT(p)" = F ( p ) % P  + (1 - pa)"P0(1)  f ppnPO( l )  (8) 

where the operator 'P is defined as P = E{IK.}. 

111. APPLICATION TO ADAPTIVE ALGORITHMS 
Assume X, = X ( & ) ,  2, = Z(&) with X ( < ) ,  Z(<) nonlinear 
vector transformations and {<,} a stationary Markov process. 
Assume that the noise sequence {wn} is white with variance 
u t ,  that W,+I = Wn + yUn+l, that {Un} is white indepen- 
dent of {tn} and {w,}. We can then prove for the adaptive 
algorithms in (2), based on the results we have developed in 
the previous section, the next two theorems. 

Theorem 3: The estimation error A, converges to zero, in 
the mean, at an exponential rate equal to pmini{Re(Xi)}+o(p) 
where A; are the eigenvalues of the matriz A = E(X1 Z ; } .  

Theorem 4: Let the matrix A have eigenvalues with strictly 
positive real parts, define the sequence of matrices {a,} 

nn+1 = (IN - pA)rII , (I~ - pAIt + pza;Qz + ?Qu (9) 
where Q Z  = IE(Z1Z:}, Q Z  = E{UIU~} and no = AoA& 
t h m  

IIE{A,A;) - nnII = o(~)IL (10) 

IV. CONCLUSION 
Using a novel methodology we arrive in obtaining, for adaptive 
algorithms, estimates of their exponential convergence rate 
and their second order statistics without the need of unrealis- 
tic or restrictive conditions, as Independence Assumption or 
essential boundedness of the data. 

REFERENCES 
[l] T. Kato, Perturbation Theory for Linear Operators, Springer- 

121 S.P. Meyn and R.L. Tweedie, Markov Chains and Stochastic 
Verlag, 1966. 

Stability, Springer-Verlag, 1993. 

http://xanthippi

