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Hypothesis testing and GLRT

Binary hypothesis testing (fixed sample size V)
Collection of observations X=|x,,x,,...,x ]|

Ho: X ~ fo(X)
Hli X ~ fl(X)

f1(X)

Likelihood Ratio Test f,
fo(X)

Neyman-Pearson, Bayes, Min-max
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Composite binary hypothesis testing
X=|x{,%q,...,T ]

HO . X ~~ f()l(X)

~J fOKU ( X ) > Jne supcase

responsible

H;: X ~ f11(X) f_laza

N flKl(X)
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If subcases were known say fi;(X) and f, ,(X)
Hiq

fii(X) =
foi(X)
In order to isolate the subcase responsible for X
[Hly

f1 (X) E%-l i = arg max;{ fo; (X) }
fo (X) & j = argmax;{fi;(X)}

Detection with Maximum Likelihood isolation
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POpPUlarrdecision

Hy; : X ~ f1(X|01) Fmethodin practice

fo = argsupy, {fo(X|00)}
01 = argsupy, {f1(X|01)}

Detection with Maximum Likelihood estimation
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Optimality of GLRT
Wald (1943)

Le Cam (1953)
Lehmann (1959)
Hoeffding (1965)
Neyman (1965)

Gabriel and Kay (2005)
Nicolls and De Jager (2007)

Asymptotic optimality under regularity
conditions. Performance of GLRT approaches the
optimum test (with true parameters known).
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Randomized tests

Binary hypothesis testing (fixed sample size V)
Collection of observations X=|z,,x,,...,x /|

]HIO: X ~ fg(X)
H; : X ~ f1(X) Decide between I, and H

Deterministic tests Randomized tests

Two complementary Two complementary
sets A,, A, in RY probabilities d,(X), d;(X)

Decide b, when In a random game decide
XeA. H. with probability 9.(X)

1
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Randomized is more general than deterministic

04(X) = 14, (X)

Suppose Xe A, then with probability 1 decide in
favor of I, (equivalent to deterministic decision)

Neyman-Pearson
maxs, s, Pld = 1|H;] Pld=1Hp| <«

/51(X)f1(X)dX- A/ 51(X) fo(X)dX

mas, 5, 01(X)[1(X) = Mo(X)JX
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L fi(X) = Afo(X) >0
01(X) =< 7 fi(X) = Afo(X) =0
0 f1(X) = Afo(X) <O

0 fi(X) = Afo(X) >0
00(X) =9 1—7 fi(X)—=Afo(X)=0
L fi(X) = Afo(X) <O
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Composite binary hypotheses

Ho : X ~ fo1(X), 7oz 001(X)

~ for,(X), Tox, 00K, (X)

Hy : X ~ fi1(X), 711 011(X)

~ 1k, (X), Tik, 015, (X)
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501(X)'“(S()KD(X) 511(X)"'51K1(X)

K;

> ) s(X) =1

i=0,1 j=1

With a random game, in a single step, with
probability 6;,(X) decide in favor of H; and
Isolate subcase .

We simultaneously detect and isolate.
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Alternative two step implementation
501(X)'“50K0(X) 511(X)”'51K1(X)

+ +

e e
0p(X) 01(X)

|
ij(X) =
75 %) 0i(X)  7ir(X) + -+ 7k, (X) =1
* With probabilities 6,(X), d,(X) decide in favor

of i, or ;.

» Given we selected H; use probabilities v,,(X),
Y:o(X),... to isolate one of the subcases of H..
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Optimality of GLRT
HU:XNfgl(X)j’JT()l HliXNfll(X)j’JTll

NfUKn(X)?/}TUKn Nf1K1(X)?7T1K1

Combined Detection and Isolation
Following a Neyman-Pearson like approach:
max [P|Correct-detection /isolation|H] |

subject to the “false alarm” constraint
P[Miss-detection /isolation|Hg| < o
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Theorem: The test that solves the combined
detection/isolation problem is

max {leflj (X)} [Hl4

1<7= K4 > A\
o <
lggﬁg{ﬂogfoj (X)} Ho

Threshold A and randomization probability v are
selected to satisty the constraint with equality.

If priors unknown, use equiprobable
max_{f1;(X)} 1

| 1SisK > K
max {foi(X)} = Ko

1<i< Ko Ho
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Proof:
[P[Miss-detection /isolation|Hy| < a <«

P[Correct-detection /isolation|Hp| > 1 — «

[P|Correct-detection /isolation |HI]
K;
— Z P|Correct-detection /isolation|H;; |;;
j=1

P|Correct-detection /isolation |H ]|

— [ 5:(X)75(X) 5 (X)dX
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P|Correct-detection /isolation |H |

+ A P|Correct-detection /isolation|Hp|

+ 1 [ 80(X) { 1 205 (X) o5 fo; (X) | dX

< [61(X)maxi<i<g, {m1;f1;(X)}dX
+ )\féo(X)maxlgngD {Wojfoj(X)}dX
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—/ :51(X) max {7 f1,(X)}

1<y Ky

+0p(X)A max{mo, foy (X)} ] dX

1<7< Ko

< /max{  Inax {m1f15(X)}

A max {7mg;fo;(X)} }dX

1<7= Ko
LS Ak N
e =
lggﬁo{ﬁﬂjﬁ)j(}()} Hp
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Randomized estimators

Collection of observations X=|z,,x.,..., T /|

X~ f(XIQ)a W(Q)
We would like to obtain an estimate 6 of 6.
Deterministic estimator: 0 = G(X)
Randomized estimator: Must assign probability
to every possible value of .

5(0]X)d6 (differential) [5(6]X)df = 1
A pdf with respect to 0 conditioned on X.
Generate r. v. 0 distributed according to 6(6]X)

“Deterministic’”  d(A|X) = Dirac(d — G(X))
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Optimum Bayes estimation

If true

(é?“-

iy

> [in

parameter 6 and estimate 0 then cost C
Minimize average cost.

)=[[[C(6,0)5(6]|X) f(X|0)7(0)dX dOdh

f5 01x){ [C(0,0)£(X|0)m(0)do b db|dX

D0, X)
inf D(U, X)dX

5(A|X) = Dirac (é‘ — arginf D(U, X))
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Combined detection/estimation
Collection of observations X=|z,,z,,...,x /|

Hy: X ~ f(X]|0=0)
Hy : X ~ f(X]0), m(6)
* Decide between [, and

* Whenever | decide in favor of IH; must provide
estimate 0 for 6.

For detection/estimation a two-step strategy:

60(X), 01(X), 7(0]X)
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Following a Neyman-Pearson like approach we
propose:

inf E[C(A, 6)|H,]
subject to: P[Miss—detectionm—]lo] < «
P[Miss-detection|Hy| = [d1(X)f(X|0)dX

Average cost computation under H1
Wrong hypothesis:

[C(0, 6)50(X) £(X6)7(6) dd X

Correct hypothesis:
J11C(8. )81 (X)~(0]X) f (X |0)7 (8)dbdfd X
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[IC(6,68)8: (X )y (é\X) f(X|0)m(0)dOdodX
JJ€(0,0)d0(X) f(X|6)m(6)dOdX
+ A [01(X) f(X|0)dX

—[61(X ﬁ 01X){/c(0.0)1 (X\Q) (H)de}dé: iX

+ [0p(X {fcoe f(X|0)7(0)do} dX
A [61(X)f(X|0)dX

>[5 (X me(U X)dX + [60(X)D(0, X)dX
+Af51 X\O)dX
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/ (6,() [inf DU, X) + Af(x]0)] +

50(X)D(0, X)}dX

> /min{D(U,X) + Af(X]0), D(0, X) jdX

D(U. X) =/C(U 0) £(X|0)7(0)dp

G.V. Moustakides: Optimum GLR Tests, Probability and Statistics Seminar, USC

24



] R
MAP estimator

6(9?9):{ 0 ||Ip—-0 <AK1

1 otherwise

Optimum test: sup 7 (0)f(X|0) mH,
0 =
X0 o
With uniform prior: sup f(X|0) m;
b >
= M\ GLRT
X0 =
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MMSE estimator

Optimum test:
, [ f(X|0)7(6)do =

|Ovinisi | = )\
f(X10) I,
. 97? X 0)do
Ovivse = E0| X | = J %)

J (6 ) (le?’)dff’
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Median estimator
C(6,6) = |0 — 0]
Optimum test:
0 H
fo SR Hﬂ(ﬁ)f(X\H)dQ ;:J

f(X[0) =
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Optimum GLR tests

In binary hypothesis testing, when hypotheses are composite or the corresponding data pdfs contain
unknown parameters, the generalized likelihood ratio test (GLRT) constitutes a popular means for
deciding between the two possibilities. GLRT has the very interesting characteristic of performing
simultaneous detection and parameter estimation in the case of parameterized pdfs or combined
detection and isolation in the case of composite hypotheses. Even though this test is known for
years and has been the decision tool in numerous applications, existing results demonstrate only
large sample size asymptotic optimality. In our presentation we introduce a novel, finite sample size
detection/estimation formulation for the problem of hypothesis testing with unknown parameters
and a corresponding detection/isolation setup for the case of composite hypotheses. The optimum
test that results from our performance measure optimization has a GLRT-like structure which is
closely related to the criterion we employ for the parameter estimation or isolation part. When
this criterion is selected in a very specific manner, we recover the classical GLRT of the literature,
while we obtain interesting novel tests with alternative criteria. Our mathematical derivations are
surprisingly simple considering they solve a problem which is open for more than half a century.



